
Problem 5
. Let R be a ring and ACR be a

multiplicatively closed subset .

(a) Suppose that 0 : M-N is an R-mod
. homomorphism .

Show thatO induces an AR homo.
.

A'M -> A "N
.

Define 4 : A "M -> A "N

a m +-> a $(m)

· 4 is well-defined : If aim ,
= ceme

,
then one have

4 (ai'm ,
) = a iP(m .) E Plai'mi) since & is an R-mod

homomorphism
= P (az' M2)

& ac 'P(m2)

= 4 (a M2)
.

· (i) 4 (ai'm , + a :' m2) = 4 (ai'de")acmit amal)
=> ↑ ((a ,

az)"(azm , + a
, ma))

= (a , a2)" 0 (aam ,
+ a ,ma

↳
since $ ison R-mod

homomorphism · (a , 92)" (a20)(m 1 ) + a
, P(n2)

= a iP(m .) + a &(n2)

= 4 (ai'm , ) + 4 (a2 ma)



(ii) 4 (a m) = (a P(m)
= (ra") 0 m)
= (a - r)0)(m)

we always use

= a (rd(m) ↓ ison R-mod
= a P(rm) homy , and

= 4 (a (rm)) the module str

in R
.

= 4(r(a'm)

02(b) Suppose O + L &M-N + 0 is a exact

sequence of R-modules. Show that

o + A L * A M A N -> 0 with induced

maps from (i) is a exact sequence of AR-mod .

· 4
,

is injective :

4 , Lai'2) = 4
, (ai'lz)

=> a d
,
(1) = a 24(2)

=> P
,
(aili) = dai'le)



=> ail , = ai'le since $1 is injective

· Ye is surjective
For

every an -> A'N
,
there exists

a'm E ATM such that

42(am) = a n

since Palam) = a 0)(m) = a'n
2

because 2
is surjective .

· Kar 2
= In 4 ,

(i) Korz E Int ,

Take a'm e Ker 22

=> 42 (a m) = 0

= a Pz(m) =
0

=> p(a- m) = 0



-> an E KerP2
since

=> a 'm = In Pe Kerba = ImP ,

=> a m = D1(al) for some al EAL

=> a m = a ,
(l)

=>a m = 4
,
(a)

=> a m -> Im 4
,

(ii)In
,
1 Ker 42

Take a'm e Fr M ,

=> 4
, (ajl) = a'm for some all

=> at P ,
(1) = am

=> $
, (ae) = a n

-> a m e ImD ,



=> a m -> Kar Be since KerbInD

=> ba(a m) = 0

=> a P2(m) = 0

I 42(a'm) =0

- a m -> Ker 42.



Problem 3 :

· O O

↓ ↓ ↓
Li 22

:
-> Al -> Az -> As ->

0

fil fel fst
Bl > B3 -> 00 -> B ,
-> B2

gi ↓ get gst
Di z

· -> 4 -> C2 -> C3 -> o

↓ ↓ ↓
· O O

Assume the first two rows are exact :

· O O

↓ ↓

T0 -> A -> Az -> As ->
O

fil fal fil
· -> B ,

-> B2 -> B3 -> o

gi 924 934
cokerfl -> cokerf2-> cokerfs-> 0

↓ ↓ ↓
· O O

= O -> cokof- -> cokerf2-cokerfs -> o



coker fi = Ci since columns are exact;

coke
X

↳

~ In gi = Cifi =Bi/Infin Bi/kerg ,

a ↑

exactness isom .
then

sinceofjective
Thus

,
we have O - 4, -4 + d + 8 exact .

· O O

↓ ↓ ↓
0
-> Korg ,

-> kerga -> KergsIfil fel fst
32Bl ↳0 -> B ,

-> B2 B3 -> 8

g ,
↓ get

7
gst

Di Oz
Cl -> C2 -> C3 -> o

↓ ↓ ↓
· O O

=> O -> krg ,
+ Kerge -> kergs + O



Kergi = A i by the exactness of colums;

Kergi = Infi = Ai since fi's are injective
Thus

,
we have

0 + A, + Ac + As +0 exactl


